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Nomenclature
bex, bey = boundary conditions in x- and y-directions,
respectively
P = static pressure divided by density
R = right-hand side of Eq. (3)
Re = Reynolds number
t = time
(u, v) = velocity components in (x, y) directions
x,y) = Cartesian coordinates
(Ax, Ay, At) = grid spacing in (x, y, t) directions
) = discrete operator for space derivatives
o = pressure derivatives in x and y directions
') = velocity components # and v
Subscripts
X, XX = first- and second-order derivatives, respectively
v, t = first-order derivative with respect to y and ¢,
respectively
Superscripts
n,n+1%* =t,t + At, and an intermediate time level,
respectively
Introduction

HE advantages of using explicit vs implicit schemes for so-

lutions of the Navier—Stokes equations are vectorization and
parallel processing. However, severe limitations on time stepping
of the explicit schemes!? make them impractical for high Reynolds
number calculations. Relaxation of these constraints on the time
increment for explicit schemes have been achieved by using resid-
ual smoothing and/or multistepping techniques.? On the other hand,
advancement of the implicit procedures have led to powerful factor-
ization techniques. For example, the Beam and Warming scheme*
factorizes a two- (three-) dimensional problem into two (three) one-
dimensional solutions. Unfortunately, these one-dimensional solu-
tions are not independent of each other and must be computed in
series. Thus, parallel processing can not be used with these type
of schemes.

In the present study, we propose an implicit scheme which em-
ploys superposition of two (three) one-dimensional solutions in
two (three) dimensions for the solution of Navier-Stokes equa-
tions. Because of superposition, the one-dimensional solutions can
be computed simultaneously on separate processors and, therefore,
parallel processing can be used to enhance computations of large
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problems.>~7 One of the difficulties in dealing with the superpo-
sition of several solutions is the determination of proper bound-
ary conditions for the different solutions. In the present procedure,
the boundary conditions are implemented in the discrete governing
equations before the superposition step takes place. Therefore, no
boundary conditions are needed for the one-dimensional solutions.
Details of the method and numerical confirmation of the analytical
developments are given next.

Analysis

For simplicity and clarity, the analysis is performed for two-
dimensional, semi-implicit, and noncoupled Navier-Stokes equa-
tions. However, the analysis as well as the conclusions obtained will
be directly applicable for three dimensions, implicit, and coupled
Navier—Stokes equations without serious modifications.

The Navier—Stokes equations for incompressible flow, for exam-
ple, are

u:+v, =0 ¢y
& +up; +vgy = —0o + (1/Re)(¢yx + ¢yy) @
-()
Py
o= (Py> (2b)

where (u, v) are the velocity components in (x, y) directions, P is
the static pressure (assumed to be known) divided by the density.
Consider the semi-implicit solution of Eq. (2)

At At nt+l __ pn
(1 Reaxx e 3yy)¢ =R 3
R =—(ué, ¢ +v8,0 +0)At + ¢ (3a)

where the superscripts # and n + 1 refer to the time levels ¢ and
t + At, respectively, The operators 8, are 8,, the discrete form of
the first- and the second-order derivatives, respectively:

1 n
8™ = (o1 — #11)) (3b)
8™ = (41, — 2617 + O1) (3¢)
Equation (3) can be rewritten as
At At
1— _3xx n+1 =5 nt+l _ pn
( Re )4) ( Re yy)¢ R @

Furthermore, the second term in Eq. (4) can be modified by sub-
tracting the second-order term A#28,,8,,¢"*! / Re* which does not
affect the formal first-order time accuracy of Eq. (3):

yy¢n+1 (1 _ 3x.x> (

By substituting Eq. (4a) into Eq. (4), one obtains

(1 o axx) (1 _ yy)¢n+l R"
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A two-step procedure for solving Eq. (5) is developed by Beam
and Warming* as follows:

At x_ pn
(1 - E&rx)‘b =R (6)

A
(1 - F:syy) Pt = * (6a)

Solutions for Eqs. (6) and (6a) require boundary conditions on ¢"*!
and ¢*. No boundary conditions are readily available for ¢*. This
difficulty has been resolved by employing the approximate boundary
condition*

¢* - ¢n+l (7)

We stress here that the two-step approximate factorization scheme
[Egs. (6) and (6a)] requires the calculation of the intermediate vari-
able ¢* before the second step can be executed. Thus, parallel pro-
cessing is not possible for solving these equations.

In the present study, we propose the use of superposition of two
one-dimensional solutions for the solution of Eq. (3). We also pro-
pose that the boundary conditions on ¢ be incorporated into Eq. (3)
before employing the superposition procedure. In this case, Eq. (3)
is rewritten as

At At .
(1 — EE‘S"" - Esyy>¢"+‘ = R" + bex +bey 8)

Note that the discrete operators 8, and J,, are modified at grid points
next to the boundaries to incorporate boundary conditions. For ex-
ample, consider the use of Neumann boundary conditions in the
x-direction at the boundary i=1, 3¢/dx=g, or in finite-difference
form

$15' = Axg + ¢33 (82)
At grid point i = 2 next to the boundary, the second term in the
left-hand side of Eq. (8) becomes

ﬂ ¢n+l — At

Re  ReAx?
By substituting Eq. (8a) in Eq. (8b), the term (A?/ReAx?)(Axg)
may be moved to the right-hand side of Eq. (8) and is represented by
the symbol bex. The second term in Eq. (8a) modifies the coefficient
of ¢;‘j‘. Thus, the left-hand side of Eq. (8) contains only unknowns
at interior grid points.
We propose the following solution for Eq. (8):

(¢7%' — 2055 + 5! (8b)

¢t =g+t - R ©)
At

(1 - Ee-an)qs;'“ = R +bex (92)
At

(1 - Esyy) 7! = R" + by (9b)

The proof that Eq. (9) is a solution for Eq. (8) can be obtained by
substituting Eq. (9) into the left-hand side of Eq. (8) and showing it
to be equal to the right-hand side by use of the approximation used
in Eq. (4a). It is clear from the discussion leading to Eq. (8a), that no
boundary conditions on the one-dimensional solutions of Egs. (9a)
and (9b) are needed.

It can be easily shown that the present scheme has the same order
of time accuracy as the Beam and Warming scheme.* In other words,
the splitting error of Egs. (9) is of order A#? as is the splitting error
of Eq. (5). However, the present scheme employs superposition of
two one-dimensional solutions which are independent of each other.
These two solutions, Egs. (9a) and (9b) can be computed simultane-
ously on two separate processors. This is a major advantage over the
splitting procedure of Eq. (5). The use of parallel processing here
is not only limited to using one processor for the solution of ¢;‘+1

or ¢;‘“. We can employ, for each equation, as many processors as
(M 4 N — 4) where M and N are the maximum number of grid
lines in the x and y directions, respectively. This is because Eq. (9a)
can be solved for several y locations simultaneously using sepa-
rate processors (maximum N — 2 processors). Similarly, Eq. (9b)
can be solved for several x locations simultaneously using separate
processors (maximum M — 2 processors). For a three-dimensional
problem with (M x N x L) grid lines we can employ, for each
equation, as many processors as (M + N 4+ L — 6).

Applications in Three Dimensions
Equations (9), (9a), and (9b) can be extended to three-dimensional
situations as follows:

¢n+l = ¢;1+1 +¢£’+1 + ¢§'+1 —2R" (10)
(1 - %:sxx)m'“ = R" +bex (10a)
(1 - %:syy) 21 = R" + bey (10b)
(1 - %:azz) 21 = R" 4 bez (10c)

Using the Egs. (10) and the procedure outlined for two di-
mensions, one can easily show that Egs. (10) satisfy the three-
dimensional form of Eq. (3).

Applications to the Linearized Implicit Navier-Stokes Equations
For linearized implicit procedures, one writes the discrete form
of Eq. (2) as follows:

At At
(1 + AR, — b+ A8, — ﬁayy)w“ =R (1)

R=—0cAt+¢ (11a)
Similarly, a solution which satisfies Eq. (11) is

¢t =g L opt - R (12)
n Az n+1 pn
14 Atu”$, — R;;Sxx ¢ = R" +bcx (12a)

At _
(1 + ARS8, — Esyy) 2= R +bcy  (12b)

Again, Egs. (12) can be easily shown, using the same procedure
outlined for Egs. (9), to be a solution for Eq. (11).

Finally, applications for the coupled system of the compressible
Navier—Stokes equations can be modeled after Beam and Warming
scheme* without major changes.

Numerical Results

The solution to a particular problem requires the calculation of the
velocity and pressure fields which are obtained using the primitive
variables formulation given in Refs. 8 and 9. In this formulation,
the momentum equation (2) is solved for the velocity components u
and v by marching in time using the semi-implicit scheme Eq. (9).
In this case, the pressure is assumed known from the solution at the
previous time level or initial guess. Then the pressure is calculated
from a Poisson equation which is derived from the divergence of the
momentum equation (2) and enforces the continuity equation (1).
Numerical solutions for the pressure Poisson equation are obtained
using the successive over-relaxation method.

The two-dimensional lid-driven square cavity is used here as a
test case. The cavity upper wall moves with steady speed 4 = 1;
at Reynolds number, Re = 400. Numerical results are obtained on
(81 x 81) uniform grid points in the x and y directions, respectively.
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Fig. 1 Horizontal velocity component along the vertical centerline at
Re = 400: a) present scheme and b) Beam and Warming scheme.
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Fig. 2 Convergence history at Re = 400: a) present scheme and b)
Beam and Warming scheme.

Comparisons of the computed results with numerical results ob-
tained by the Beam and Warming scheme* are shown in Fig. 1. The
convergence histories for our scheme and the Beam and Warming
scheme are also shown in Fig. 2. These comparisons of the com-
puted velocity and the convergence histories confirm the analytical
developments of our scheme.

Conclusions

An implicit scheme is developed for the solution of the Navier—
Stokes equations (compressible and incompressible). This scheme
is based upon the superposition of several one-dimensional solu-
tions which are independent of one another. Therefore, these one-
dimensional solutions can be computed simultaneously on separate
processors (parallel processing). Also, separate processors may be
employed for each coordinate direction. The maximum number of
processors which can be employed in each coordinate direction is
limited by the maximum number of grid points in each direction.
For example, consider a two-dimensional problem with (M x N)
grid lines, the maximum number of processors that can be employed
is k(M + N — 4) processors where k is the number of equations.
In addition, the present scheme has the advantage that no bound-
ary conditions are needed for the one-dimensional solutions. This is
because the boundary conditions on the physical velocity field are
implemented in the governing equations before the superposition
step takes place. The computed results for the driven cavity prob-
lem confirm the analytical developments of the present scheme.
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Effects of Spatial Order of
Accuracy on the Computation
of Vortical Flowfields
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Introduction

CCURATE prediction of subsonic, vortical flows over swept

wings, slender bodies, and slender body/delta wing combina-
tions at high incidence is of interest to aerodynamicists. The main
characteristic of the flow over a swept wing at high incidence is
the leading-edge vortex. This vortex is formed by the windward and
leeward-side boundary layers which separate at the leading-edge and
roll up in a helical fashion. For many practical applications, such as
flows over a full aircraft or a canard-wing configuration, the leading-
edge vortices generated by a slender wing convect downstream. It
is, therefore, important for numerical methods to predict correctly
the strength of these vortices and convect them downstream with
minimal diffusion, because their presence significantly affects the
development of the downstream flowfield.

Numerical methods currently used, such as second-order central
difference and upwind schemes, require high grid resolution close
to the surface to predict the viscous flow region accurately. In addi-
tion, adequate grid density is required in the vortical-flow region to
resolve the complex flowfield features. Numerical simulations for
flows over delta wings (cf. Refs. 1-4) showed that the lifting charac-
teristics and surface pressure distributions are predicted accurately
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